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G. CARRON 

ABSTRACT: When X = r\H" is a real hyperbolic manifold, it is already known that if 
the critical exponent is small enough then some cohomology spaces and some spaces of 
harmonic forms vanish. In this paper, we show rigidity results in the borderline case 
of these vanishing results. 

RESUME : La petitesse de I'exposant critique du groupe fondamental d'une variete hy- 
perbolique implique des resultats d'annulation pour certains espaces de cohomologie et de 
formes harmoniques . Nous obtenons ici des resultats de rigidite relies a ces resultats 
d'aimulations. Ceci est une generalisation de resultats deja connus dans le cas convexe 
co-compact. 

1. Introduction. 

When r is a discrete torsion free subgroup of SO (n, 1), its critical exponent is defined 



by 



5{T) := inf{s > 0, V e~"''-'^''(''>> < +00} 



7er 



sd{z,^{z)) 



It is easy to see that this definition doesn't depend on the choice of z e H" and that 
(5(r) < n — 1. The critical exponent measures the growth of F-orbits: 

,. logCard(B(z,i?)nr.z) 
d (1 ) = lim sup . 

An important and beautiful result of D. Sullivan |24| (see also |20| in dimension 2) is a 
formula between the critical exponent and the bottom of the spectrum of the Laplacian (on 
functions) on the manifold r\H" : 

IfS{r) <{n- l)/2 then Aq (r\H") = {n - 1)2/4. 
IfS{T) > (n - l)/2 then Aq (r\H") = S{n - 1 - S). 

When r is geometrically finite, the critical exponent is linked with the Hausdorff dimen- 
sion of the limit set A(r) = T.z n SooHI" (where the closure is taken in the geodesic 
compactification of the hyperbolic space H" = H" U SooH") or with the entropy of the 
geodesic flow (Il23l.ll20l.lfel). 

When r is convex-cocompact and isomorphic to a cocompact discrete torsion free sub- 
group of SO(n — p, 1), then 

d{T) >n-l~p 

with equality if and only if F stabilizes cocompactly a totally geodesic {n — p)-hyperbolic 
subspace M"-p C H" (||3,|[7l,['281,[ J|). Other rigidity results in terms of the critical 
exponent have been recently obtained for amalgamated products ( 122J .I,4J.L5J). 

Using different techniques, H. Izeki, H. Izeki and S. Natayani ( llT3l . lfT4l ) and X. Wan 
obtained rigidity results based on the De Rham cohomology with compact support 



ff 



or cohomology in complementary degree using Poincare's duality 
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Theorem 1.1. Let X = r\ElI" be a convex-cocompact hyperbolic manifold, assume that 
for some p < n/2 : 

Hl{X) ^ {0} 

then 

5{T) >n-l~p 

with equality if and only ifV stabilizes cocompactly and positively a totally geodesic (n — 
p)-hyperbolic subspace H""^ C H". 

We say that T stabilizes cocompactly and positively a totally geodesic (n—p) -hyperbolic 
subspace H""^ C H" when F stabilizes cocompactly a totally geodesic (n— p)-hyperbolic 
subspace H"^*' C H" and when F acts trivially on the orientation normal bundle of 

M"-P c H" . 

In fact, R. Mazzeo has shown that the cohomology with compact support of a convex 
cocompact hyperbolic n— manifold is isomorphic to the space of harmonic forms in 
degree p < n/2 [17]: If X ^ r\H" is convex cocompact and if p < n/2 then 

HP{X) ~ H'P{X) ■= {a e L^{XPT*X), da = d*a = 0}. 

In lfT2l . with E. Pedon, we obtained the following result : 

Theorem 1.2. Let X = F\H" be a hyperbolic manifold, assume that for p < n/2 : 

5(F) <n-\-p, 

then 

W{x) = {0}. 

Moreover the bottom of the spectrum of the Hodge-De Rham Laplacian on p forms is 
bounded from below by : 

Xa{dd* + d*d, F\H") > ((5(F) - p){n - 1 - p - (5(F)) 

if {n - l)/2 < (5(F) <n-l-pand 

Xo{dd* +d*d,T\ir) > ~ ^~ 

ifS{r) <{n- l)/2. 

Together with Mazzeo's interpretation of the space of harmonics forms, this result 
implies a part of the theorem fTTTI : convex cocompact hyperbolic manifolds with non trivial 
cohomology with compact support in some degree p < n/2 have a critical exponent strictly 
larger than n — 1 — p. In this paper, we study rigidity result without the convex cocompact 
hypothesis. The case of degree p = 1 is covered by the following very general result of P. 
Li and J. Wang 1161 (see also ll25l for earlier results): 

Theorem 1.3. If (M"-^^, g) is a complete Riemannian manifold with fiicci g > —{n~l)g 
and Ao(Af", g) > (n — 2), then either 

i) M has only one end with infinite volume or 

ii) (M", g) is isometric to the warped product 

(R X N, (dtf + cosh^{t)h) 
with (N, h) compact and Ricci ^{n — 2)h . 
This has the following consequence for hyperbolic manifold : 
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Theorem 1.4. Let X = r\H" be a hyperbolic manifold with n > 2 and whose injectivity 
radius is positive. If 

5{T) <n-2 

then either 

i) H^{X,Z) = {0}or 

ii) Hi (X, Z) 7^ {0}, 5{T) = n — 2 and T stabilizes cocompactly a totally geodesic 
hypersurface H"^^ C H" 

Recently M. Kapovich has studied the link between the critical exponent and the coho- 
mological dimension of a hyperbolic manifold X = r\ElI" relative to the e-ends whose 
rank is larger or equal to 2 ifTSl . Let e be a positive number smaller that the Margulis con- 
stant and denote X<^e the e-thin part of X, that is the set of point of X where the injectivity 
radius is smaller than e. Let A/<e C X<(: be the union of the connected component of 
X<(; whose fundamental group has rank larger than or equal to 2. M. Kapovich proves the 
following result : 

Theorem 1.5. Assume that 

5{T) <n-p-l 
and let Rbe a commutative ring with unit and W be a RT -module then 

i7"-f(X,M<„V) = {0}. 
Moreover, when T is assumed to be geometrically finite and when 

5{T) = n - p - 1 and H''-p(X, M<,,Y) ^ {0}, 

thenT stabilizes a totally geodesic n—p-hyperbolic subspaceW^^P C H" w/f/j vol(r\IHI"^P) < 
oo. 

We'll prove a similar rigidity result for the De Rham cohomology in the space of 
harmonic form : 

Theorem 1.6. Let X = r\IHI" be a oriented hyperbolic manifold with n > 3 and let 
E C X<e be the union of all unbounded connected components of the e-thin part and let 
p < (n ~ l)/2. There is a natural linear map 

n"-p{x) w-p{x, E). 

Moreover if S{T) = n — p — I and if this map is non zero then T stabilizes positively a 
totally geodesic n — p-hyperbolic subspace H"^'' C H" with vol(r\H"^^) < oo. 

We recall that when 5(r) < n - p - 1 and p < n/2, then = {0}. The 

above restriction on the range of the degree p < (ti — l)/2 comes from the fact that when 
P>{n- l)/2, we are not able to build a map H"-~p{X, E), however we'll 

give a similar result based on the cohomology with compact support (see theorem fS-lOl l. 

When r is geometrically finite, then a quick look at the topological interpretation of 
the space of harmonic forms obtained by R. Mazzeo and R.Phillips ifTSl shows that we 
have in this case : ~ H"-~p{X, E) (see ^ll- Moreover using the proof of ifTSl 

lemma 8.1], when n~p > 1 we obtained H'^-p{X,E) = M<,). Hence in 

the geometrically finite case, we are able to recover the rigidity result of M. Kapovich for 
i? = E = V. 

We now describe the proof of our result. Our proof owns a lot to X. Wang's proof of the 
theorem fTTI but with several new technical points. 
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The first point is to analyse the case of equaUty in the refined Kato inequahty. When 
p < n/2 and when ^ is a harmonic p-form on the hyperbolic manifold X = r\H", 
then the refined Kato's inequality ( ifTOlUfTTI ) implies that the function 

satisfies 

(1.1) A(j) < p{n - I - p)(t). 

Our first result describes the equality case in this inequality; it is an extension of a result 
of X. Wang who described the equality case when ^ is squared integrable and F is convex 
cocompact. 

Then we describe how we can define a map 

or 

HP{X\E)^HP{X) 
when p < {n — l)/2. Note that E being an open set, X \ E is a closed subset of X and 
that forms with compact support in X \ E have a support that can touch dE. 
The second crucial point is to prove that when the map 

HP{x\E) ^np{x) 

is not zero and 6{T) = n — 1 — p then there is a harmonic p-form ^ such that cf) 

Then according to D. Sullivan's result, the bottom of the spectrum of the Laplacian on 
X is d{r){n— 1 — S{r)) — p{n— 1 —p), it is easy to deduce that in fact </) is a eigenfunction 
of the Laplace operator. Then we use our description of the equality in ( II. 11 1. 

In the degree p — {n±l) /2, then our methods does not apply because we are not able 
to build a map HP{X \E) ^ nP{X). However, there is always a map Hp{X) -> HP{X) 
and our proof will also show the following result : 

Theorem 1.7. Let X = r\H" be a hyperbolic manifold with n > 3. Assume that for a 
p < n/2: 

S{T) <n-l~p, 

then the image of the cohomology with compact support in the absolute cohomology is zero 
in degree p : 

lm{HP{X) ^ HP{X)) = {0}. 

Moreover either 

i) The map HP{X) -> nP{X) is zero 

ii) Or the map HP{X) — > Ti.P{X) is an isomorphism, 5{T) — n— 1 — p and T sta- 
bilizes cocompactly and positively a totally geodesic (n — p)-hyperbolic subspace 

W'^P c H". 

Remark 1.8. The case of hyperbolic manifolds of dimension 3 is already covered by P. Li 
and J. Wang's result [T3] 

Acknowledgements. This text is an attempt to answer some of the questions that have been 
asked after my talk at the conference "Spectral Theory and Geometry" in honour of my 
teachers, advisor : P. Berard and S. Gallot. Hence it is a pleasure to thank G. Besson, 
L. Bessieres, Z. Djadli for having organized this very nice conference. I also take the 
opportunity to thank P. Berard and S. Gallot for all the beautiful mathematics that they 
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2. The equality case in the refined Kato's inequality on hyperbolic 

SPACE. 

The classical Kato inequality says that if ^ is a smooth p-form on a Riemannian manifold 
(M", 5), then 

When is assumed to be moreover closed and coclosed : 

= d*^ = 0, 

then this Kato inequality can be refined : 

(2.1) !i±i^|d|^||2< |v^|2^ 

n — p 

See |[8), for a convincing explanation of the principle leading to this inequality, and IfTOll , 
fTT\ for the computation of the refined Kato constant. Where {M'^,g) is a hyperbolic 
manifold, direct computations show that if ^ is a harmonic p-form then the function := 

7^-l-p 

1^1 satisfies 

A(j) < pin — 1 — p)(j3, 

with equality if and only if we have equality in the refined Kato inequality ( 12.11 ). In this 
situation, X. Wang has described the equality case when ^ is square integrable and when 
(M, g) is convex cocompact ll26l . Our first preliminary result is an extension of this result 
of X. Wang : 

Theorem 2.1. Let p, n be integers with 2p < n and n > 3. If ^ be a harmonic p—form on 
M" such that we have everywhere equality : 

then either 

i) there is a real constant A, an isometry 7 and a parallel {p — 1)— form lu on 
R"~^ such that in the upper-half-space model of the hyperbolic space 



{(y,:E)e(0,+^)xM"-i} 
nnian metric ('^^) +(d.v) 



endowed with the Riemannian metric ('^^) +id-v) have 



where Tr{y, x) = x, or 
ii) there is a totally geodesic copy IHI"~f C H" such that in Fermi coordinates 
around this H"^'' 

H" \ ir-p ~ (0, +oo)t x^p-^ X w-p 

we have 

^_(sinhi)P+^^^ ^ 
~ (cosht)"-?'+i 

recall that here t is the geodesic distance to M""^ C H" and da is the volume 
form ofW-'^. 
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Our arguments will follow closely those of X. Wang, however in his situation only the 
case ii) appears. 

2. 1 . Proof of the theorem |2.H Let p, n be integers with p < n/2 and n > 3. We consider 
^ a non trivial harmonic p— form on H" such that we have everywhere: 



n— p 



Then i 



Tl-l-p 

1^1 satisfies 



— p{n — 1 — p)(p. 

Then the Harnack inequalities imply that is positive. 
According to 1 11 1, there is locally a 1-form a such that 

a AC = 

and 

= a C 1 9^ (g, 9^ A a«LC 

n + 1 — p ^-^ 

j 

for a local orthonormal dual frame (6*^, 6*"). 

Now we let fc := n — 1 — p so = |C| . If X is a vector field, then 

_ , k 



■ x(, 



k + 1 



k + l 

But we have a A ^ = hence 

and we obtain 
(2.2) 



1^1 



1 



fc + 2 



Hence, V0 vanishes only where a vanishes and a is a smooth (p — 1) form. We work on 
the open set 

U ■.= {ze H",V0(2) ^ 0}. 
On U,we can locally find a orthonormal dual frame {9^,.. .,9") such that 

a = {k + 2)u9^ 

with M > 0. Hence 

(2.3) V(j) = ku<j)9^ 

As a A C = 0, we can locally find a (p — l)-form uj such that 



A LO. 



And we have 



(fc + 1)9^ ®9^ Aio~^9^ (g}9^ ALU 

Let (ei, Cn) be the frame dual to {9^, 6*"), then we obtain 

Ve,C = (A: + Ijue*^ A cj = Vei6'^ A w + 6*^ A V^.w 
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and for j > 1 ; 

Vej C = -uO^ A = Ve^ 6*^ A + 6*^ A Ve^ ti; 
With the fact that (Ve^ ei, ei) ^ and (Vej6'\ = 0, we get the following identities 

(2.4) 9^ A [VeitJ - (k + l)uLu] = 

(2.5) Ve^O^Auj^O 

(2.6) e^AVe^cj^^O 

(2.7) (Ve^6|i +u6lJ) Aw = 

Let c e ipiU) and let Ec := H (/)^^{c}, this is a smooth hypersurface and ei is an unit 
normal vector field to Ec- Then the equality (12.6b implies that the pull back of iv to Ec is 
parallel. 

At z e Ec, we decompose 

(2.8) T,E, = E,(S 
where 

:= {v e T,J:,v^ Auj^ 0} 
Let L be the shape operator of Ec at z 

L : T^Ec > TzEj, 

Lv = -V^ei; 

we have 

n 
i=2 

The equation (12.71 ) implies that L{Ez) C i?z- Since L is a self adjoint operator we also 
have L {Ejr^ C Ejr and moreover still according to equation ( 12.71 ). we have 

L{X) = uX,VX e S^-. 



Then w being parallel, the decomposition ( 12.81 ) induced a parallel decomposition of the 
tangent bundle of Ec, in particular if X ^ E^.Y ^ E^ are unit vectors then the sectional 
curvature of Ec in the direction of A F is zero and the Gauss Egregium theorem implies 
that 

-1 = {{LX,Y)f - {LX,X){LY,Y) 

hence we have 

LY = -Y, vr e E^. 

u 

We can now compute the Ricci curvature of Ec, it is given by the formula 

riccis^ = (rankS^ - 1) ^-1 + -^^^ 5b, + (rank£;^ - l) (-1 + u'^)gE^ 
The hypothesis n — 1 > 2 and the trace of the Bianchi identity 

implies that the function u is constant on each connected component of Ec. As u is pro- 
portional to the length of V0, this implies that 



Vj > 1, = (Vc,.V</),ei) = (ej, Vc,V(i 
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So that VeiCi = 0, and 9^ is (locally and up to a sign) the differential of the distance to 
Sc and is a function of the sign distance to Sc- 

First case : u = 1 at a point z: then the connected component of Sc which contains z 
is a totally umbilical flat hypersurface of H". Up to an isometry, we can assume that this 
connected component of Ec is included in the horosphere : 

{y = i} 

in the upper half-space model of the hyperbolic space. 

The facts that depends only on the distance to Sc and that is a eigenfunction of the 
Laplace operator imply that there are constants B such that in a neighborhood of z, we 
have 

^{y,x)=Ay^-^-P + ByP 

In this case we have 

|V0| = \A{n - 1 - p)y''-^-P + BpyP\ . 
But p < (n - l)/2, hence 

\Vcj)\ <[n-l-p)cj) 

with equality at a point if and only if _B = 0. But at z, we have u = \ hence (cf. I2.3l l at z 
we have 

\^(j)\^{n-l-p)cj,. 

So that B = and u = 1 around z. The unique continuation property for eigenfunctions 
of the Laplace operator implies that we have everywhere : 

0(2/,x)=Ay"-i-f. 

Hence we have also : U = H", ei = ydy and that w is a parallel [p — l)-form on each 
horosphere {y — c}. Finafly, the equation 

VejtJ ={k + 1)UJ 

implies that for a certain 

cr^e AP-i(M"-i)* 

we have 

C = Ay"-^-Pdy A 7r*cl; 

where 7r(j/, x) = x. 

Second case : u — 1 nowhere. The distributions induced by and are parallel hence 
integrable. Locally there is a splitting 

And each J^c{E) has curvature —1 + and each Ec {E-^) has curvature — l + v? . We 
have w = VLe /\ t, where $7^; is the volume form of Tic{E) and r is a parallel form on 
Sc (yE-^y, however, the curvature of Sc (-E^) is constant, not zero hence Sc {E-^^ has only 
parallel form in degree or in degree dim Ec {E^\ This implies that dcg uj = rank E = 
p-l. 

We fixed now zq E U and cq = 4'{zq). We consider a neighborhood O of zq such that 
O n is connected and isometric to 5 x T where S has curvature — 1 + and T has 
curvature — 1 + u^. This neighborhood can be choosen so that the exponential map 

E : (-6,6) X E^n O ^ O 

{t, z) I— > E{t, z) — exp2(tei) 
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is a diffeomorphism. Because locally </) is a function of the sign distance to Scqj we have 
for a certain function /: 

0oi?(t,z) = /(<). 

Bv l2.3l we have 

/' 

hence u is also a function of t. We also have 

At = -trVfit = trL = {n ~ p)u + {p - 1)-. 

u 

The equation Aip = p{n — 1 — p)0 = pk<j) implies : 

/" - (^{n - p)u + (p - l)^ /' + fcp/ = 



We obtain 



r 
/ 



1 



If we let g{t) :— f{t) we obtain the equation 

<?"-.9 = 0. 

There are two constants B such that g(<) = Ae* + Be~*. We remark that AB ^ 
because u 7^ 1 hence we can find a constant C and a real t such that 

fCcosh(i + r) iiAB>0 

^ |csinh(< + T) ifylS<0 

so that 

_f-tanh(i + r) if > 

" ^ |-l/tanh(i + t) if < 

Moreover, because u is always positive we have r < 0. We endow (—00, — t) x S x T 
with the hyperbolic metric 

(rfO' + [/'(t)//'(0)]'.95 + Co-VWV 

so that the map is a isometry from {—S, S) x S x T onto O, the natural extension of 
this map E{t, z) = cxp^{tei) becomes an isometric immersion. The unique continuation 
property (applied to (j>\^) implies again that on (—00, — r) x S x T, 

As (po E remains bounded as t tends to — t, hence we must have AB > 0. And the above 
hyperbolic metric on (—00, — t) x 5 x T is 



sinh(i + r) 
sinh(r) 



9s 



cosh(t 



cosh(T) 



9t- 



The metric sinh ^ {T)gs has constant curvature 1 and the metric cosh ^ {T)gT has constant 
curvature —1, and 

(2.9) 



(cosh<) 

da being the volume form of (S, smh^'^{T)gs)- 
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But in Fermi coordinate (0, +00) x ^ x H" 'p around a totally geodesic copy of 
U"-p ^ jj"^ the hyperbohc metric is 

(ds)^ + sinh^(s),gsp-i + cosh^(s)f/H"-p- 

If O is small enough, we can find an isometry l : (—00, — r) x S x T ^ H" \ H"^^'. 
Eventually, the isometry l o E^^ a priori defined on O can be extended to an isometry 7 of 
H". Using this isometry and |2.9l we find the desired expression of ^ on O, then the result 
follows by the unique continuation property. 

3. Proof of the main theorem 

3.1. Margulis's decomposition. (See E ChapterD] or lET] §12.6]) Let X ^ r\H" be a 

complete hyperbolic manifold and let e be a positive number smaller than the Margulis's 
constant e„. The e-thin part of X is the set X<e, where the injectivity radius is smaller that 
e; we have X<e — ViT, e)/T where 

V{T, e) := {z e H", 37 e T \ {id}, 7.2) < 2e}. 

Let E be the union of all unbounded connected components of X<e : 

E = \JEj 

where {Ej}j is the set of the unbounded connected component of X^^. 

The topology of such an e-end is well known. When Ej is an unbounded connected 
component of X<e, there is a point pj E 9ooH" and a parabolic subgroup 

Tj := {7 e r,7.pj 

such that on the description of the hyperbolic space as the upper-half space model 

((0,oo)x]R"-\y-2((dy)2 + (dx)2)) 

where the point pj is at 00, then Tj acts freely on R"~^ and Ej is homeomorphic to 
(1, 00) x (rj\R"-i). Let Fj be the flat manifold rj\M"-i and C Fj be a soul of i^j, 
then there is a maximal Fj -invariant r-plane Sj C M"^^ that is the pull-back of a soul by 
the natural projection M"-i -> F^ := Tj\«"-'^, i.e. Sj = Tj\Sj. 

Moreover, there are always positive constants yj , r j such that if Nj is the r j -neighborhood 
of Sj C R""i : 

Nj {x £ W-\d{x, Sj) < rj} 

and Nj = Tj\Nj, then the inclusion {yj, 00) x Nj C -Ej is a homotopy equivalence. We 
consider Ej — [yj, 00) x Nj and E — UjEj. We let 

- {jy,} X N, C 

And let X := (^X \ E^ U [j^ T.j, it is a manifold with boundary 

j 

We consider the cohomology 

of the complex of differential forms a which are smooth on X and with compact support, 
that is there is a Rq such that support a C B{o, Rq) and support a n dX is a compact 
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subset of dX = {}■ Ej. In particular for all but a finite number of j we have support a fl 
= 0. We have that 

h:{x\x^,)^h:{x) 

moreover, when X is oriented we have the Poincare duality isomorphism : 

H'{X,X^,)^{Hr'{X\X^,)y 

The relative cohomology H' (X, X^^) is also isomorphic to H' (F, UjTj , M) which is sim- 
ilar to a cohomology studied by M. Kapovich IfTSi ; more exactly, if 11 is the union of the 
Fj 's whose rank is larger or equal to 2, he studied H' (F, Fl, V) where V is a _RF-module 
(for R a commutative ring with unit). 

3.2. cohomology and harmonic forms. We first recall some classical facts on the 
space of harmonic forms on a complete Riemannian manifold {X, g). 
The first one is the Hodge-De Rham-Kodaira orthogonal decomposition : 



L\K^T*X) = rC^iX) © dC^{KP-^T*X) ® d* {Kp+^T* X) 

where the closure are understood for the topology. 

The second one is the reduced i^cohomology interpretation of the space of har- 
monic forms. Let {X) be the space of weakly closed p— forms : 

Zl^{X) := {aei2(APr*X),da = 0} ; 

By definition, we have 

Zl^{X) = [d*C^{KP+^T*X)\^ = nP{X) © dC^{AP~'^T*X). 
Hence if we introduce the reduced L^-cohomology space : 



H^,(X) ~ Zl^{X)/dC^{AP-^T*X). 



7F{X) ~ Zl2{X)/dC^{AP-'^T*X). 

We can now describe the natural map from cohomology with compact support to the 
space of harmonic forms 

HP{x) -> npix) 

in two closely related ways. The first one is induced by the natural inclusions 

Z^P{X) :^ {a e C^{APT*X),da = 0} C Zl,{X) 



anddC^{KP-^T*X) C dC^{AP-^T*X) 

which induces a map 



dC^{AP-^T*X) dC^{AP-^T*xy 

The second one is induced by the orthogonal projector onto HP{X) restricted to ZP{X). 
This map is zero on dC^ {Ap-^T* X) hence induces a map HP{X) WiX). 
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3.3. cohomology and "cuspidal" cohomology. Let X = T\W^ be a complete hy- 
perbolic manifold. We'll build a natural map from the cohomology space HP{X) in the 
space of harmonic p-form H^2 {X) for the degrees p < {n ~ l)/2. The main point is 
to extend a closed form with compact support in X to a closed i^-form on X. Let pj 
be the projection 

P] ■ oo) X Nj -> = {yj} X Nj 
and let Lj be the inclusion S j C X 

Let a be a smooth closed p-form with compact support in X. We extend a to X by 
defining a — aon X C X and 

a^p* (t*a) on [yj,oo) x Nj. 

It is easy to verify that 

/■oo 

ll«lli^(fc,oo)xAr,) = lls*«lli^(s,) / y-"^''dy 

is finite if p < {n — l)/2. Because a has compact support in X, there is only a finite 
number of j such that L*a ^ hence 

Remark that by definition, the E^'s are open, hence i*a has compact support in Ej. More- 
over, it is easy to check that a is weakly closed and that 

da — da . 

Hence we have a well-defined map : 

HP (X) ^ mi,{x) HP (X) 

Remark 3.1. When c € Hp{X), we can always find aa E c such that for each j, a has no 
normal component on a neighborhood of Ej : V(i(.,Ej)La = 0, a being moreover closed, 
this will imply that near Ej, a is independant of r = £?(., E^) (i.e. invariant by the flow of 
the radial vector field Wd{., E^)). Then the extension a is smooth on X. 

3.4. Remark on the geometrically finite case. When F is geometrically finite, R. Mazzeo 
and R. Phillips have computed the cohomology of X = r\H" in terms of the cohomol- 
ogy of a complex of differential forms which vanish on certain faces of a compactification 

ofXiTsl. 

Indeed such a X can be compactified as a manifoldX with corner drX n dcX with 
boundary 

dX = drX U dcX 

where drX is the regular boundary of X (the conformally compact boundary of X) and 
dcX — U"J7]^9c(i) is the cuspidal boundary of X, where dc{t) is the union of the cuspidal 
face with rank t. X is homeomorphic to X \ drX. Let Fp :— Ut<n-i-p '9c(i)- When 
p < (rt — l)/2, the result of R.Mazzeo and R.Phillips is that 

ml,{X) ~ HP{X,drXUFp). 

We clearly have a map 

HP{X, drX U Fp) -> HP(X, drX) 
We consider the long exact sequence : 

... ^ HP-\Fp,drX) HP{X,drXUFp) -> HP{X,drX) HP{Fp,drX) -> ... 
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Nowift = n-l,then H''{dc{n-l),drX) = H''{dc{n~l)). And when t < n-l,then 

where o is the orientation bundle. But the connected component of dc{t) are homotopic to 
compact flat manifold of dimension t, hence we have 

n~k>t^ H^{dc{t), drX) = {0}. 

Hence the above long exact sequence implies that : 

Proposition 3.2. IfT is a geometrically finite discrete torsion free subgroup o/SO(n, 1) 
and if p < (n — l)/2 then 

{X) ~ HP{X, drX U Fp) ~ HP{X, drX). 

Hence we obtain 

Corollary 3.3. IfT is a geometrically finite discrete torsion free subgroup o/SO(n, 1) 
then for p < (n — l)/2 the map 

HP{x) ^ ml^{x) ~ np{x) 

is an isomorphism. 

3.5. The main result. 

Theorem 3.4. Let X = r\H be a hyperbolic manifold and assume that 5{V) = n — 1 — p 
for some integer p < (n — l)/2. If the map 

HP{x) ^ np{x) 

is not zero, then then T stabilizes positively a totally geodesic n ~ p-hyperbolic subspace 
H"-P C H" with vol(r\H"-P) < oo. 

3.6. Proof of the main result. 

3.6.1. Preliminary. We assume that F C SO(n, 1) is a discrete torsion free subgroup and 
that 5{T) — n — 1 ~ p with p an integer such that 2p < {n — 1) and we assume moreover 
that we can find 

• a non zero harmonic p-form ^, 

• a closed p-form with compact support in X, a 

such that ^ and a define the same reduced i^-cohomology class in H^a {X). That is to say 
there is a sequence of smooth {p — l)-forms with compact support {(3k)k such that 

^ — a = L^— lim d(3k- 

k — >oo 

According to fl^ theorem B], the spectrum of the Hodge-De Rham Laplacian on the 
[p — 1) -forms on X is bounded from below with 

(Tp :— n — 2p. 

That is we have the spectral gap estimate : 

(3.1) y^eC^iAP-'T*X), (n-2p)||^||i. < + -(^,A^). 

According to the remark (13. Il l we can always assume that a is smooth. Hence according 
to |l27l prop. 1.3], we can find a smooth {p - l)-form (3 € L'^{kP-^T*X) such that 

i = a + dj3, andd*/3 = 0. 

Note in particular that this implies A/3 — {dd* + d*d)f3 = d*a, so A/3 vanishes outside 
the support of a. 
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3.6.2. Some estimates. We are going to prove that (/) :— \Q ^^ttft is square integrable. For 
this purpose we '11 use Agmon's type estimates as P. Li and J. Wang lfT6l (finite propagation 
speed argument can also be used) in order to estimate on the growth of /3 and d/3. There is 
a finite set J and i?o > such that 

supporta C B{o,Ro) U |J pJ^{Nj) 

Let p be the function distance in X to B{o, Rq) U {Jj^jPj^{Nj), we have 

supporta C p^^{0}. 

For T > 0, we define 

Pt = min(T, p) ; 

using the fact that (3 G L^, it is not hard to justify the integration by part formula : 



\id + d*){e^''^(3)f = I (A/3,/?) 6^"- + ^ / \dpr 
Jx 4 Jx 

remenbering that p is zero on the support of d* a, we get : 

|(d + d*)(e5''-/3)|'< / {d*a,f3) + ^ [ \(3\^ e^P' 

Jx 4 Jp-i([o,r]) 

Using the spectral gap estimate (I3.1l l. we obtain 



2 1/31' e^"- 



|2 



and we easily deduce 

„2 



e^P- < / \{d + d*) {e^P-l3)\ , 
X Jx 



4 / Jp-H\o,T]) JX 



/p-i([0,r]) 

Letting, r going to infinity, we obtain the 

Lemma 3.5. Let ap — n — 2p. Then there is a constant C such that for any c > '^•^Jop 
then 

(3.2) 



The second estimate of the proof is the following : 
Lemma 3.6. There is a constant C such that for any R > : 

lp-H[0,B]) 

Proof of the lemma \T6\ - As a matter of fact, according to the inequality i3.2i . we have 
for all c e [0, 2^) : 



p-i([o,i?]) Jp-mo,R]) 



Hence applying this inequality for c = 2Ja^ ~ 1/ Rwt get 



p 

2(a;)e2'^'"'(^)dvol(x) < C- , 

p-i([o,fl]) 4^0^ 
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This lemma [376l implies the following control on the growth of d(i: 
Lemma 3.7. There is a constant C such that for all R > 1 : 

Jp-H[R.R+1]) 

Proof. Let R> 1, we use a cut off function x such that 

support X C p^^[R- 2]) andx = 1 on p^^[R,R+ 1]) 

and |c?x| < 2. We have 

/ m'< I i(d+d*)(x/3)p. 

Integrating by part, we get : 



|(d + d*)(x/3)P- / x'(/?,A/?)+ / Mxl'""' 

X JX JX 



As A/3 is zero on the support of x, we get 



2 < 4 / l«|2 



□ 



p-^([R,R+l]) J p-^([R-l,R+2\) 

The last estimate is about the volume growth of the sub-level set of the function p: 
Lemma 3.8. There is a constant such that for all R> \ 

vol(p-i([0,i?])) < Ce("-i)^. 

Proof. We have 

p-i([0, i?]) C B(o, i?o + i?) U y V,(i?) 

where Vj{R) is the i?-neighborhoodof p^^(A'j). We can always choose Rq large enough 
so that for j e J : Sj C i3(o, i?o)- It is clear that the volume of i3(o, i?o + ^) satisfies such 
an estimate. Now the volume of Vj [R) \ B{Rq + R) is always smaller that the R + yJ^Rj 
neighborhood of oo) x Sj inside [y^, oo) x Fj. Defined r :— d{., Sj) the distance to 
the soul (0, oo) X Sj. In Fermi coordinate around (0, oo) x Sj the Riemannian metric of 
the manifold (0, oo) x Fj is 

cosh^(r) W + + (rf^)2 + sinh2(r)(da)2. 

Hence the volume of Vj (i?) \ B{Rq + R) is less than 

C / sinh"-i-*^(r)cosh*^(r)dr < Ce(""i)^, 

jyj Jo 

where tj = dim Sj . □ 
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3.6.3. Conclusion. 

Lemma 3.9. ifS := S{T) = n - 1 - p, then the function := |^|^ is L^. 
Proof. As a matter of fact : we have 



/ </.^<(vol({p<l}))^( / 1^1 
J{p<i} \J{p<n 

Moreover for A; e N \ {0} : we have 

/ (j)"^ < (vol({A; <p<k + 1}))^ ( / 

J{k<p<k+1} \J{ 



5 

, <S+1 

2 I 



5 



\e 

{k<p<k+l} , 



< Ce^^+^k^ exp -2 



5+1 

(n - 1) - 2^S 



< Ck^ exp k 

V 6 + 1 

But if p < (n- l)/2then 

(n - 1) - 2y^(5 = (n - 1) - 2^n-2p{n - 1 - < 0, 
hence the result. □ 

Remark 3.10. The only place where the hypothesis p < (n — l)/2 is used is about the 
construction of the map 

However, there is always a natural map from the cohomology of X with compact support 
in the reduced cohomology. Our above arguments show that if ^ € HP{X) \ {0} with 
p < n/2 has in its {X) class a representative with compact support, i.e. $, is the range 
of the map 

HP{X) W{X) 

then the function := |^|^ satisfies : 

i) If p < (n - l)/2, then (j) & L'^ 

ii) If p = (n — l)/2, then there is a constant R such that for any R>1: 



JBioM) 



o 25 + 1 



We can now finish the proof of the theorem : According to D. Sullivan's result, the 
bottom of spectrum of the Laplacian on function on X is p{n — 1 — p) hence we have the 
spectral gap estimate : 

V/ G C^{X) p{n-l-p) f /2 < / \df\\ 

Jx Jx 

We use a cutoff function xr such that 

2 

suppxfl C B{o, 2R) , Xfl = 1 on B{o, R) and \dxR\ < 
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Then 



p(n-l-p) IxR^f < / \dixR<f>t 
JX Jx 

Jx Jx 

^ being closed and co-closed, the Bochner formula and the refined Kato inequality imply 
that 

A(j) < p{n — 1 — p)(f) 

hence : 

f ^{p{n-l-p)^-A^)< f ^^\dxR\^ ^ O {R-^) . 

J B{o,R) Jx 

Letting i? ^ oo we obtain p{n — 1 — p)(j) — A4> — everywhere and we have equality 
everywhere if the refined Kato inequality : 

n — p 

We apply our theorem ( 12.11 ) to ^ the puU back of ^ on H". We notice that T must stabilize 
the level set of |^|. We have two cases : 

i) In the first case, we have a fundamental domain for the T of the type {{y, x) £ 
(0, +00) X a; € D} where D is a fundamental domain for the action of F 
on M""^ ~ {y = 1}. Then ^ can not be in L^. 

ii) In the second case, F must stabilize the level set 

iei = supiei. 

That is F stabilizes a totally geodesic copy of EII"^^ C H" and ^ being L^, we 
have 

vol(F\H"-P) < 00. 

Eventually, because ^ is F-invariant, the formula given for ^ in the theorem ( 12. Il l 
implies that F acts trivially on the orientation bundle of the normal bundle of 

H"-P c H". 

3.7. Final remarks. The above argument and the remark ( 13.101 ) show that we also obtain 
a rigidity result in the case p = (n — l)/2 related the cohomology with compact support : 

Theorem 3.11. Let X — F\EII" be a hyperbolic manifold and assume that p < n/2, then 

i) If the critical exponent ofT satisfies 

6{T) <n-l-p 

then X carries no non trivial harmonic p^form. 

ii) If the critical exponent ofT satisfies 

(5(F) =n-l-p 

and if 

Im(i7P(X)^HP(X))^{0} 

then F stabilizes cocompactly and positively a totally geodesic {n — p)-hyperbolic 
subspace H"-P C H". 
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Eventually, it is true that we always have a injective map |]T| : 
Im{HP{X) HP{X)) -> 
hence a corollary of the above rigidity result is : 

Corollary 3.12. Let X = r\]HI" be a hyperbolic manifold and assume that p < n/2. If 
the critical exponent ofV satisfies 

6{T) <n-l-p, 

then 

lm{HP{X) W\X)) = {0}. 
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